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1 Introduction

In the previous lectures, we approximated definite integrals using left endpoint rectangles, right
endpoint rectangles, and midpoint rectangles. In each case, the approximation was obtained by
adding the areas of rectangles of the form

f(z)Az.

The main point of this lecture is that all of these constructions are special cases of a more general
idea called a Riemann sum.

For simplicity, we will assume throughout this lecture that the interval is divided into subinter-
vals of equal width. There is a more general definition in which the subintervals need not all have
the same width, but the constant-width case is enough for the examples we consider here.

2 The General Construction

Let f be a function on the interval [a,b]. We divide [a,b] into n subintervals of equal width

b—a

n

Ax =

We define the partition points by
x; = a+iAzx, 1=0,1,2,...,n.

Thus,
a=zro<x1 <" -<xp=>=

On each subinterval [z;_1,x;], we choose a sample point ¢; satisfying
Ti—1 < ¢ < .
The corresponding rectangle has width Az and height f(¢;), so its area is
flei)Ax.

This leads to the following definition.



Definition

A Riemann sum for f on [a,b] is an expression of the form

> fleAr,
=1

where

b—a
n

Ax =

and rio1 < ¢ <

foreach i =1,2,...,n.
If the limit of these sums exists as n — oo, then we define the definite integral by

/bf(x) dr = lim Zn:f(cZ)Ax
a n—oo im1

3 Standard Choices of Sample Points

The left endpoint, right endpoint, and midpoint rules are all special cases of the Riemann sum
definition.
If we choose
¢ = Ti—1,

then we obtain the left endpoint rule:

If we choose

then we obtain the right endpoint rule:

Zf@:i)m.

If we choose
Tl T

C; = 5 s
then we obtain the midpoint rule:

Z ¥ (331—12—““) Ax.
i=1

Thus, a Riemann sum is simply a rectangle approximation in which we are free to choose any
sample point ¢; inside each subinterval.



4 A Telescoping Example for f; e’dx

We now consider an example in which a clever choice of sample points leads to a telescoping sum.
Let

flz) =€
on the interval [a,b]. As before, divide the interval into n equal parts, so that
h—
Axr = a’ T; = a+iAx.
n

For each subinterval [z;_1, z;], define

eAr
Ci:.fﬂifl—'—ln Tx .

We first verify that ¢; really does lie in the interval [z;_1,x;].

Claim
For each i,
ri—1 < ¢ <y

To prove the left inequality, it is enough to show that

Az
e~ —1
Inf —— ] >0.

Since the natural logarithm is increasing, this is equivalent to
Az _ 1
il S
VAV
or
AT 1> Ax.

This is true because
et >1+t

for all ¢, so in particular
AT > 14 A

To prove the right inequality, it is enough to show that
Az
e~r —1
In[ ——— | < Ax.
Again using that the natural logarithm is increasing, this is equivalent to
Ax
e~ —1

Ax
< e~v.
Az

Multiplying by Az > 0, we obtain
AT — 1 < AzeP®,

This inequality is true because
Ax Az
AT _ 0 = / etdt < / AT gt = AgeP?,
0 0

Therefore,
Ti—1 < ¢ < ;.

Thus, the numbers ¢; are valid sample points for a Riemann sum.



Computation of the Sum

Now compute

Since

x; = x;1 + Az,
we have

exi,leAx — o%i,
Therefore,

e“tAx = % — il
Now form the corresponding Riemann sum:

n n

Zecz’Al. — Z(e-’Ez _ e.Ti_l)
1=1 i=1
= (ea:1 _ e:co) + (em _ em) 4+t (exn o ea;n,l)‘

This is a telescoping series, so all of the middle terms cancel. Hence,
n
Z e Ax = e — "0,
i=1

Since
Tp=> and Ty = a,
we obtain

n
g eCiAx = eb — 2.
i=1

This equality holds for every n, so taking the limit gives

b
/ erdr = e’ — e
a

5 Summary
A Riemann sum has the form

> fle)Ax,
=1

where each ¢; is chosen inside the corresponding subinterval [z;_1,x;]. The left endpoint, right
endpoint, and midpoint rules are special cases of this construction.



The example above is important because it shows that some choices of sample points are espe-
cially convenient. For the function f(z) = e®, the choice

o 1 6A:p_1
Ci = Tj—1 n 7AJJ

turns the Riemann sum into a telescoping series, which immediately gives

b
/ e dr = eb — e
a

In general, Riemann sums provide the bridge between area approximations and exact values of
definite integrals.



