Worksheet 6: Curve Sketching and Optimization
Math 140: Calculus with Analytic Geometry

Name: Date:

Directions. Show your work, justify your conclusions, and give exact answers with units. Label
sketches clearly. For optimization problems, state the objective, constraints, and feasible domain,
and justify an absolute optimum. No external resources are allowed.

1. A rational curve with a hole and an asymptote
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Let f(z) = x—;—il, with its original domain.

(a) State the domain and find all intercepts. Simplify the formula without changing the
domain. At each excluded input, evaluate the one-sided limits and decide whether the
graph has a hole or a vertical asymptote. Give the coordinates of any hole and identify
all horizontal asymptotes.

(b) Find f'(z) and f”(z) on the domain. Determine intervals of increase, decrease, and
concavity, splitting intervals at every excluded input. Locate any critical numbers, local
extrema, and inflection points. Explain why a change in concavity across a missing input
does not give an inflection point.

(c) Sketch every branch, labeling intercepts, holes, and asymptotes. Does the graph attain
the height of its horizontal asymptote? Justify your answer algebraically.



2. A logarithmic curve
Let g(x) = (Inx)?.

(a) State the domain and find all intercepts. Evaluate the limits at the ends of the domain
and identify any vertical or horizontal asymptotes.

(b) Find and factor g/ and g//. Determine intervals of increase, decrease, and concavity.
Locate all local extrema and inflection points.

(c) Sketch the graph and decide whether it has an absolute maximum or minimum. Explain
how the graph can increase while concave down, and identify an interval on which this
occurs.



3. A critical number where the derivative does not exist
Let h(z) = 2*3(x — 5) on R, where 22/% = (¥/z)2.

(a) Find h/(z) for x # 0 and use the difference quotient at 0 to show that h/(0) does not
exist. Find all critical numbers and use derivative signs to classify them.

(b) Find h/1(x) for x # 0. Determine concavity intervals and all inflection points. Explain
why a zero or undefined second derivative is only a candidate for an inflection point.

(c¢) Find the intercepts and both limits at infinity, then sketch the graph. Label all local

extrema and inflection points. Does the function attain an absolute maximum or minimum
on R?



4. A rectangle inside a right triangle

A right triangle has vertices (0,0), (12,0), and (0, 8), with coordinates in meters. A rectangle
has one vertex at the origin, two sides on the coordinate axes, and its opposite vertex (x,y)
on the hypotenuse.
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(a) Use similar triangles or the equation of the hypotenuse to write a model for maximizing
the rectangle's area. Include positivity constraints and explain how the geometry relates
x and y.

(b) Reduce the area to one variable and state its feasible domain. Find all feasible critical
numbers.

(c) Justify an absolute maximum and give the dimensions and maximum area. Explain what
the boundary configurations represent.



5. Minimum construction cost for an open tank

An open-top tank with a square base must hold 54 ft*. The base material costs $1 per square
foot and the material for each of the four vertical sides costs $2 per square foot. Ignore seams,
thickness, and waste.

(a) Define the base side length and height. Write a model that minimizes total material cost
subject to the volume and domain constraints. Account for every face that is present.

(b) Express cost as a function of the base side length alone. State the domain and find all
feasible critical numbers.

(c) Justify an absolute minimum on the entire domain. Give the base dimensions, height, and
minimum cost. Explain why checking only the second derivative at the critical number
would not by itself prove the global conclusion.



6. The shortest distance to a line

Find the point on the line 2x + y = 6 that is closest to the origin. Coordinates are measured
in meters, and the entire line is available.

(a) Write a distance-minimization model with the line equation as a constraint. Explain why
minimizing squared distance gives exactly the same minimizing points.

(b) Use the constraint to express squared distance as a function of  on its full domain. Find
the critical number.

(¢) Prove that your point gives the absolute minimum distance. Give the point and the
distance, then check geometrically that the segment from the origin is perpendicular to
the line.



7. A cylinder inside a sphere

A right circular cylinder is inscribed in a sphere of radius 3 cm. The cylinder and sphere have
the same center, and both circular rims of the cylinder lie on the sphere. Find the cylinder of
maximum volume.
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(a) Use the axial cross-section shown. Let r and h be the cylinder's radius and full height.
Use the Pythagorean Theorem to write a model for maximizing volume, including the
geometric and domain constraints.

(b) Eliminate r to express volume as a function of h. State the domain and find all feasible
critical numbers.

(c) Justify an absolute maximum. Give the radius, full height, and maximum volume.
Explain why the cross-section uses h/2, rather than h.



8. Choosing where to enter the water

A lifeguard starts at point A on a straight shoreline. Point B is 6 km along the shore from
A, and a swimmer is at point S, 3 km directly offshore from B. The lifeguard runs from A
toward B to a point P on the segment AB, then swims in a straight line from P to S. Assume
constant speeds of 4 km/h on land and 2 km/h in water.

(a)

Let x = AP and let d = PS. Write a model that minimizes total travel time, including
the distance relation and domain constraints. Explain why the distances must be divided
by their respective speeds.

Express travel time as a function of x alone. Differentiate and find all critical numbers in
the interior of the feasible interval. Check any candidates produced by squaring against
the original derivative equation.

Justify an absolute minimum, accounting for the endpoints. Give the optimal running
and swimming distances and the minimum time. Compare with running all the way to
B before swimming.
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