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1 Exponential and Logarithmic Functions

The exponential function with base b > 0 is defined by f(x) = b*. The long term behavior of an exponential
function varies depending on the value of b. In particular, if 0 < b < 1, then f(z) approaches zero as x gets
bigger; if b = 1, then f(z) =1 for all x; if b > 1, then f(z) approaches infinity as = gets bigger. A common
choice for the base of an exponential function is Euler’s number:

e=2.71828....

This number was first introduced by Jacob Bernoulli in 1683 using a hypothetical financial transaction.

In the figure on the right, we display the exponential functions : : : :
e” (red), 4* (green), e~® (blue), and 4~® (purple). Note that ;
the graph of each of the exponential functions includes the point , , [ ,
(0, 1)' 1 1 1 1
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The exponential function f(z) = b® has domain (—o0, 00) and range (0, c0). Moreover, over this domain,
the exponential function f(z) is one-to-one (passes the horizontal line test); hence, f(x) has an inverse. By
definition, the inverse function g(x) satisfies

y=fx) & z=9(y).

Hence, the inverse function g(z) has domain (0, c0) and range (—o00, 00).

In particular, the inverse of the exponential function f(z) = b* is known as the log base b function and
is denoted by g(z) = log,(x). In the case of the natural base e, the inverse function is known as the natural
logarithm function and is denoted by g(z) = In(x).

In the figure on the right, we display the exponential functions e” L,

(red), 4 (blue) and their corresponding inverse functions In(z) _oT-
(dashed-red), log,(x) (dashed-blue). Note that the graph of each 24T

of the exponential functions includes the point (0,1) and the = 2 oL .
graph of each of the logarithmic functions includes the point i

(17 O). I || 2 :I




1.1 Properties

The following exponential (left) and logarithmic (right) properties are extremely useful for simplifying ex-
pressions with exponents or logs.

Lo’ =1 1. log,(1) =0

2. b"bY = btV 2. log,(zy) = log,(x) + log,(y)
3. (b%)Y =™ 3. log,, (z¥) = ylog,(x)
TR i t0g, (£ = tory (o) ~ o o)

It is worth emphasizing that the log properties can be derived from the exponential properties. For
example, by definition of the inverse,
=1 & log, (1) =0.

As another example, we will show that exponential property 2 implies logarithmic property 2. To this end,
let x = 0" and y = b*. Then,

logy, (zy) = log;, (b"b%)
= log,, (b"*%)
=w-+=z
= log;, (b") + log;, (b*) = log; () + logy (y).

2 Trigonometric Functions

The six standard trig functions are defined over the right triangle

. Opposite Hypotenuse
sin(f) = ———  csc(f) = ———
Hypotenuse Opposite Hypotemise
cos(0) = Adjacent ec(f) = Hyp(.)tenuse Cuposie
Hypotenuse Adjacent
Opposite Adjacent
tan(g) = —PPOME 4 (g) = Sacent 2
Adjacent Opposite Adjacent

From these definitions, we can derive some important identities. To this end, let O denote the opposite
side, A denote the adjacent side, and H the hypotenuse side of the right triangle. For example, consider the

Pythagorean Identity:
0\?2 A\ 2
. 2 200y — (Y =
sin”(6) + cos?(0) = <H) + (H)

02—1—142 H2
e Twmh

2.1 Unit Circle

By embedding right triangles into the unit circle (circle of radius 1 centered at the origin), we are able to
identify points on the circle using cosine and sine functions. For example, see Figure [Ta] where we have a
right triangle with hypotenuse 1 embedded in the 1st quadrant of the unit circle such that the adjacent side
lies on the x-axis and the opposite side is parallel to the y-axis. Hence, the points on the unit circle in the
1st quadrant can be identified by (cos(#),sin(6)) as defined on the right triangle.

We extend the definitions of cos(f) and sin(6) for all angles of § using the points on the unit circle. For
example, the sine (red) and cosine (blue) functions are shown over the domain [—m, 7] in Figure
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(a) Unit circle with right triangle embedded in-
side the 1st quadrant (b) Sine (red) and Cosine (blue) functions

2.2 Inverse Trig Functions

The six standard trig functions map an angle 6 to a ratio. The inverse trig functions map a ratio to an angle

f. For example,
cos (z) = @ &> arccos @
6/ 2 2
sin{ ¢ ) =g aresin| o | =

tan(z)*iéarctan L _I
6/ V3 vV3) 6

Note that a function must be one-to-one on its domain in order for the inverse function to exist. Hence, we
must restrict the domain of each standard trig function in order to have a well-defined inverse. For example,
_mm

sin(z) is one-to-one on the domain [—%, Z]. Moreover, over this domain, sin(z) has a range of [-1, 1]. Hence,
the inverse arcsin(z) is well-defined on the domain [—1, 1] with range [-7, 7], see Figure
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Figure 2: Sine (left) and ArcSine (right) functions
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