Calculus with Analytic Geometry 11

Thomas R. Cameron

February 26, 2025

1 The Ratio Test

Let 2;021 uy be a series, where uy are positive for all £ > 1. The ratio test defines

. U+l
p= lim H
k—oo Uk

Then,

a. if p < 1, then the series converges.

b. if p > 1, then the series diverges.

c. if p =1, then the ratio test is inclunclusive.

A proof of the ratio test (part a) follows.

Proof. Suppose that p < 1 and let p < r < 1. By definition of the limit, there is a positive integer N such

that for all £k > N, we have
Uk+1

U

<r
Therefore,

UN+1 < UNT

UN+2 < UNF1T < UNT2

UN+k < UN4gp—1T < -+ < UNTk

The geometric series
oo
Z uN’I’k
k=1

converges since 0 < r < 1. By the direct comparison test, the series 220:1 upn+ also converges. Furthermore,
it follows that Y ;- | ug must converge since discarding a finite number of terms does not affect convergence.

2 The Root Test

Let Z;’;l uy be a series, where uy are positive for all £ > 1. The root test defines

1/k

= lim u
p k—o0 k

Then

)



a. if p < 1, then the series converges.

b. if p > 1, then the series diverges.

c. if p =1, then the ratio test is inclunclusive.
A proof of the root test (part a) follows.

Proof. Suppose that p < 1 and let p < r < 1. By definition of the limit, there is a positive integer N such
that for all £k > N, we have

u,lg/k <.

Therefore,

uN<rN

Un4+1 < ’I“N-"_1

UN+kE < pNTk

The geometric series
o0
>
k=N

converges since 0 < r < 1. By the direct comparison test, the series Y,y ux, also converges. Furthermore, it
follows that Y- | uj must converge since discarding a finite number of terms does not affect convergence. [

3 Exercises

Use the root or ratio test to determine the convergence/divergence of the following series.
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