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1 Taylor Series

Suppose that f(x) is infinitely differentiable on a interval containing xo and let p,(x) denote the nth Taylor
polynomial of f(x) at xg. Then, for all z in that interval, we have

f(l’) = pn(w) + Rn(ﬂf),

where R, (z) = [* Mf("“)(t)dt is the remainder term. If lim,,_ o, R, (z) = 0, then

£k (4
f(z) = lim p,(z) = Z fT('O)(x - xo)k,
k=0 ’

where the series is known as the Taylor series of f(z).
As an example, consider the function f(x) = e® and center xyp = 0. The Taylor polynomial is given by

() =>" 0, %T with remainder term

Ru(a) = / C@Z O e (g qy

n!
Since f (”“)(t) = ¢! is an increasing function, the remainder term can be bounded as follows:

z Jol"
e x>0,

Hence, lim,,_,o R, (x) = 0 for all . Therefore, we have the following Taylor series for e*:

Ooxk
[ _ —
E—Zk!, 00 < T < +00.
k=0

As another example, consider the function f(z) = sin(z) and center £y = 0. The Taylor polynomial is
. 2w+l .
given by pon41(z) = EZZO(—I)’“% with remainder term

Rons(2) = /m Mf(Q”“)(t)dt
Zn+l 0 (271 + 1)' ’
Note that | f2"+2)(¢)| = |sin(t)| < 1 for all n > 0. Therefore, the remainder term can be bounded as follows:
|x‘2’rb+2
Rop, < —
| 2 +1($)| = (27L+ 2)|

Hence, lim,_,o, Ry(x) = 0 for all 2. Therefore, we have the following Taylor series for sin(z):

& ()
sin(z) = Z mx%H, —00 < < +o00.
k=0



As a final example, consider the function f(z) = In(z) and center zy = 0. The Taylor polynomial is given

by pn(z) = > 1_, (71]);“ (x — 1) with remainder term

Ru(o) = [ @O e gy,

n

Since f("*1(t) = (—1)" 724, the remainder term becomes

Rp(z) = (—1)" /f (“Ttn_ifl)ndt.

For 1 <z <2, wehavet>1, so

1
|.'L' - t|n+
R,(z)| < —m—
(Fo(a)] <
Since 1 <z <2 and 1 <t <z, it follows that |x — | < 1. Therefore, lim,, o, R,(z) = 0.
For 0 < z < 1, we use the substitution u = “TI, ie., t = 7%, to rewrite the remainder as
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Therefore, the remainder is bounded above by

11—z -z

" 1 1(1— )"t

R@l= [ fdest [ wan= ZET
0 1—u z Jo z n+1

Since 0 < x < 1, it follows that lim, o, R,(x) = 0.

It follows that lim, . Ry, (z) = 0 for all z € (0,2]. Therefore, we have the following Taylor series for
In(x):

1n(x):i$(m—l)k, 0<z<2.
k=1
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