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1 Daily Quiz

2 Key Topics
Today, we show how the Laplace transform can be used to solve initial value problems
ay” + by +cy = f(t), y(0) = o, y(0) = yp, (1)

where f(t) is piecewise continuous (but not continuous) and exponentially bounded. For further reading,
see [1l Section 8.4].

2.1 Unit Step Function
Let ¢ > 0. Then the unit step function is defined by

0 0Lt
uc(t): St <ec,
1 t>ec

We can use unit step functions to construct more interesting piecewise continuous functions.

Ezample 2.1.
0 0<t<m
Up(t) —uo-(t) =1 w<t<2m
0 t>2m
Ezxample 2.2.
2 0<t<4
5 4<t<7
2 4 3uy(t) — 6ur(t) + 2ug(t) = -
+3ua(t) — Gur(t) + 2ue(t) = T<t<9
1 t>9
Ezxample 2.3.
sin(¢) t<m/4

Sin(f) + tr4(t) cos(t —m/4) = {Sin(t) +cos(t —m/4) t>m/4

2.2 The Laplace Transform of the Unit Step Function
Theorem 2.4. If the Laplace transform of f(t) exists for s > a > 0, and if ¢ > 0, then
L(uc(t)f(t —c)) = e “L(f(t), s> a.
Conversely, if f(t) is the inverse Laplace transform of F(s), then
wc(O)f(t =) = L7 (" F(s)).



Proof. Note that
Lldft—o) = [ s -aa
= /00 e Sf(t —c)dt

Let 0 =t — ¢, then we have
L®ft-c) = [ e flo)do
0

— —CS > —SOo d
e /0 e %7 f(o)do
=e “F(s).

3 Exercises
Use the Laplace transform to solve the following initial value problem

0 0<t«1
Y +y=41 1<t<2,y0)=1, y'(0)=1
0 t>2
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