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1 Daily Quiz
Show that y = e? is a solution of the homogeneous differential equation:

y/l/ + 3y// _ 2yl _ 2y — O

2 Key Topics
Today, we form the fundamental set of solutions to the homogeneous constant coefficient differential equation:
any'™ +an 1y + -+ ary +agy =0, (1)

where a,, # 0. For further reading, see [Il Section 9.2].

2.1 Characteristic Equation

We begin by seeking solutions to of the form y = e™. Plugging into the differential equation gives

any(n) + an_ly(nfl) N alyl + agy = anT’n(iTt + an_lrnflert 4ot 0,17’6” + aoert

= e (apr™ + @no1" T arr +ap) -

Hence y = €™ is a solution to if and only if

A" + Ay 7" b agr +ag = 0. (2)
We reference as the characteristic equation of .
Suppose that r1,...,r, are distinct roots of the characteristic equation, then the following functions
=€t yp=et L = (3)

form a fundamental set of solutions.
All complex roots of the characteristic equation must come in complex conjugate pairs

r=uw =+ zi.

The corresponding solutions can be written in the form

t t

y1 = e cos(zt), yo2 = e sin(zt). 4)

Suppose that r is a repeated root of the characteristic equation, with multiplicity m. Then, the corre-
sponding solutions can be written in the form

yr=¢€" yo=te, .., y, =t" e (5)



2.2 The Wronskian

To establish that we have a fundamental set of solutions, we must prove that the Wronskian is non-zero. We
will demonstrate that this is the case through several examples.

Ezxample 2.1. Consider the homogeneous differential equation

m
Y

—2y" — 5y + 6y = 0.
The characteristic equation can be written as follows
r® —2r® —5r+6=(r —1)(r+2)(r —3) = 0.

Hence, we have the following fundamental set of solutions:

—2t t 3t
Yyr=¢ HYy2=¢€,ys=¢€".

We can verify that {y1,y2,ys} is a fundamental set by showing that the Wronskian is non-zero. Since the
Wronskian is either always zero or never zero, we will evaluate the Wronskian at ¢t = 0:

1 11
W(O) = —2 1 3 (2’["1 + ro, — 47"1 + T3)

4 1 9
1 1 1

=0 3 5 (ra+7s)
0 -3 5
1 1 1

=0 3 5 |=30
0 0 10

Note that we are using Gaussian elimination to reduce the 3 x 3 matrix to an upper triangular form at which
point the determinant is equal to the product of the diagonal entries.

Ezxample 2.2. Consider the homogeneous differential equation
YO =y —y +y=0.
The characteristic equation can be written as follows
=t —r 1=+ -1 +1)=0.
Hence, we have the following set of fundamental solutions:
yr=e ' yp =€, t3 =te', ys = cos(t), ys = sin(t).

Again, we evaluate the Wronskian t ¢ = 0:



1 1 0 1 0
-1 1 1 0 1
wo=| 1 12 -1 0 (ri+7r2, —ri+r3, Ti+T4, —71+T5)

-1 1 3 -1
1 1 4 1 0
1 1 0 1 0
0 2 1 1 1

=10 0 2 -2 0 (—ro+714)
02 3 1 -1
00 4 O 0
1 1 0 1
0 2 1 1 1

=10 0 2 -2 0 (—T3+T4, —27‘3—‘1-7“5)
00 2 0 -2
00 4 O
1 1 0 1
0 2 1 1 1

=0 0 2 -2 0 (—=2r4 +15)
o0 0 2 =2
00 0 4 0
1 1 0 1 0
0 2 1 1 1

=10 0 2 -2 0 |=32.
o0 0 2 =2
0 0 0 O 4

3 Exercises
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