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1 Daily Quiz

2 Key Topics

Today, we introduce boundary value problems. For further reading, see [I, Sections 11.1].

2.1 Boundary Value Problems
A boundary value problem is a one-parameter family of differential equations associated with boundary
conditions. For example, consider the boundary value problem

y// + Ay =0, y(O) =0, y(L) =0, (1)

where ) is a parameter and L > 0.

Note that y = 0 is always a solution of . However, we are interested in non-trivial solutions. We
say that A is an eigenvalue if has a non-trivial solution, any such non-trivial solution is a corresponding
eigenfunction.

We will consider cases A < 0, A = 0, and A > 0 to determine the eigenvalues and corresponding
eigenfunctions of .

e If A < 0, then the characteristic equation r? + A = 0 has two distinct real roots r = +v/—\ = +u.
Hence, the general solution to the differential equation is given by

y = cre"’ + coe” ",
Applying the boundary conditions gives
y(0)=c14+c2=0
y(L) = cret + cpe vl = 0,
which implies that ¢; = 0 and ¢, = 0. Therefore, if A < 0, then only the trivial solution exists.

e If A =0, then the characteristic equation has two repeated roots r = 0,0. Hence, the general solution
to the differential equation is given by
Y = C1 + Ca.

Applying the boundary conditions gives

which implies that ¢; = 0 and ¢ = 0. Therefore, if A = 0, then only the trivial solution exists.



e If A > 0, then the characteristic equation has two imaginary roots r = 4iv/X. Hence, the general
solution to the differential equation is given by

y = ¢ cos(VAz) + ¢ sin(VAz)
Applying the boundary conditions gives

y(0) =c1 =0
y(L) = ¢1 cos(VAL) 4 casin(VAL) = 0,

which implies that ¢; = 0 and ¢ # 0 whenever VAL = nx, where n is a positive integer.

Therefore, the eigenvalues of are given by

An =

and corresponding eigenfunctions are given by
. [nm
Yn = sin (Tx)
3 Exercises

Find the eigenvalues and corresponding eigenfunctions of

y' 4+ Xy =0, y'(0)=0, y'(L)=0. (2)
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