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1 Daily Quiz

2 Key Topics

Today we introduce the the Upper and Lower Darboux Sums For further reading, see [I Section 5.1].

2.1 Upper and Lower Darboux Sums
Definition 2.1. A partition P of [a,b] is a finite set {xq, z1,...,z,} such that
a=x9g<x1 <<y =0.

If Q is a partition of [a, b] such that P C @, we say that Q is a refinement of P.
Definition 2.2. Suppose that f: [a,b] — R is bounded. Then, the upper Darboux sum of f with respect to
Pis

n

U(f,P) = MAz,
i=1

where M; = sup{f(z): z € [x;_1,2;]} and Ax; = x; — ;1. Similarly, the lower Darbouz sum of f with
respect to P is

=1

where m; = inf{f(z): x € [z;-1,2;]}. Note that the existence of the infimum and supremum of the set
{f(z): x € [x;—1,2;]} is guaranteed by the completeness axiom since f is bounded.

Theorem 2.3. Suppose that f: [a,b] — R is bounded. If P and Q are partitions of P, and Q is a refinement
of P, then
L(f,P) < L(f,Q) <U(f,Q) < U(f, P).

Proof. Let P = {xo,x1,...,%,} be a partition of [a,b] and let P* = P U {z*}, where z* € [a,b] \ P. Then,
there exists a k € {1,...,n} such that z,_; < 2* < 2. Now, define

tl = 1I1f{f<.’L') T € [wk717x*]}7

to = inf{f(z): = € [z, zx]}.
Then, t; > my and t5 > my. Therefore,

LU, P*) = L(f, P) = [t (2" — 2-1) + Lol — 2] — [mp(w, — ox1)]
= (t;1 — my) (2" — xp—1) + (t2 — my)(zr — ) > 0.

So, L(f,P*) > L(f,P). If Q contains r more points than P, then we apply the above argument r times.
Hence,

L(f, P) < L(f,Q).
A similar argument shows that U(f, Q) < U(f, P). O



Corollary 2.4. Suppose that f: [a,b] = R is bounded. If P and Q are partitions of [a,b], then L(f, P) <
U(f,Q).

Proof. Note that P U Q@ is a refinement of both P and (. Therefore, the previous theorem implies that

L(f,P) < L(f,PUQ) <U(f,PUQ) <U(f,Q).

2.2 Examples
Ezample 2.5. Define f: [0,1] — R by

1 if z is rational
f(z) = {

0 if x is irrational

Let P be any partition of [0, 1]. Then,
U(f,P) =Y MAx;=>» 1Az;=(1-0)=1
i=1 i=1
and n n
L(f,P) =Y miAx;=> 0Az; =0.
i=1 i=1

Ezample 2.6. Define f: [a,b] = R by f(x) = ¢, for all « € [a,b]. Let P be any partition of [a,b]. Then,
Z M;Az; = Z cAx; = c(b—a)
i=1 i=1

and

L(f,P) = imiAxi = zn:chi =c(b—a).
i=1

=1
3 Exercises
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