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1 Introduction

In the previous lecture we introduced quadratic programming and observed that the behavior of
a quadratic objective function depends strongly on its geometry. In this lecture we study that
geometry more carefully. Our main goals are to understand how eigenvalues and eigenvectors
describe the geometry of a quadratic, how convexity is determined by the Hessian matrix, and how
the level sets of a quadratic explain the location of optimal solutions.

Consider a quadratic function of the form

flx) = %XTQX +cT'x

where Q € R™ " is symmetric and ¢ € R™. As discussed previously, we may assume that @ is
symmetric without loss of generality, since only the symmetric part of () contributes to the value
of xTQx. The matrix @ determines the curvature of the quadratic, while the vector c shifts the
location of the critical point.

2 The Gradient and Hessian

Recall that if

1
flx) = §XTQX +cT'x
then the gradient vector is given by
Vf(x)=Q@x+c.

The Hessian matrix is the matrix of all mixed second order partial derivatives aizaj; - In this

case, the Hessian matrix is given by
Vif(x) = Q.

Since the Hessian matrix of a quadratic function is constant, the second-order behavior is the same
everywhere.

A critical point of f is a point x* satisfying

Qx" = —c.

If @ is nonsingular, then there is a unique critical point given by

However, whether this critical point is a minimum, maximum, or saddle depends on the eigenvalues

of Q.



3 Eigenvalues and Eigenvectors

Let @Q € R™ ™ be symmetric. A nonzero vector v is called an eigenvector of () with eigenvalue \ if

Qv = Av.
Since @ is symmetric, the Spectral Theorem tells us that () has an orthonormal basis of eigenvectors.
Thus, there exist orthonormal vectors v, ..., v, and real numbers Ay, ..., A, such that
Qvi = Aiv;
for each i € {1,...,n}. If we form the orthogonal matrix
V=1[vivy - vyl

and the diagonal matrix
D = diag(A1, ..., \n),

then
Q=VDVT.

This decomposition reveals the geometry of the quadratic. For each x € R™, we make the
substitution y = V7x. Then, the quadratic takes the form

n
x"Qx=y"Dy =>_ Ay}
=1

Hence, in the eigenvector coordinates, the quadratic has no cross terms. Thus, the eigenvectors
determine the principal directions of the graph, while the eigenvalues determine the curvature in
those directions.

Let 1 € {1,...,n}. If \; > 0, then the quadratic curves upward in the direction of v;. If \; < 0,
then the quadratic curves downward in the direction of v;. If A\; = 0, then the quadratic is flat in
the direction of v;. Thus the signs of the eigenvalues determine the overall shape of the quadratic.

4 Convexity and Definiteness

Suppose that x* is a critical point of f(x), that is, @x* = —c. Then,

f(x) = %XTQX +cf'x

1 * k *
= 0= x)TQUx —x) + f(x).
Thus the behavior of f near x* is completely determined by the quadratic form associated with Q).
Therefore, if xQx > 0 for all x # 0, then x* is an absolute minimum. Similarly, if x” @x < 0 for
all x # 0, then x* is an absolute maximum. These cases are described by the definiteness of the
Hessian matrix Q.
The matrix @Q is positive definite if

xTQx >0
for all x # 0. Equivalently, every eigenvalue of () is positive. The matrix Q is positive semidefinite
if

xTQx >0



for all x. Equivalently, every eigenvalue of () is nonnegative. The matrix @) is negative definite if
x'Qx <0
for all x # 0. Equivalently, every eigenvalue of @ is negative. The matrix @) is negative semidefinite
if
XTQX <0

for all x. Equivalently, every eigenvalue of ) is nonpositive. The matrix @ is indefinite if it has
both positive and negative eigenvalues.

5 Level Sets of Quadratic Functions

The level set of f corresponding to value « is the set of all points satisfying

Fx) = a.
If we rewrite f in centered coordinates, then the level sets satisfy

1 * * *
5 (= xX)TQx = x7) = a = f(x").

After diagonalizing @), this becomes
1 n
B Z)\iyiz =a— f(x").
i=1

Thus the shape of the level sets is determined by the eigenvalues.

e If all eigenvalues are positive, the level sets are ellipsoids.

e [f all eigenvalues are negative, then the graph opens downward, and the level sets are again
ellipsoids for appropriate level values.

e If () is indefinite, the level sets are hyperbolas in two dimensions and hyperboloids in higher
dimensions.

e If () is singular, some directions are flat and the level sets may be cylinders, parallel lines, or
parabolic regions.

These level sets are especially important in optimization. For a minimization problem with
convex quadratic objective, the level sets are nested ellipses or ellipsoids that shrink toward the
minimizer. In constrained optimization, the optimal point often occurs where the smallest feasible
level set first touches the feasible region.

Example

Consider the quadratic
f(zy,m9) = 2% + 290 + 223

Qzﬁ ﬂ

3

Then



Because of the cross term xjxs, the level sets are not aligned with the coordinate axes. Instead,
they are rotated ellipses. The axes of these ellipses are determined by the eigenvectors of Q).
The characteristic polynomial is

det(Q — M) =(2-XN)A4—-N)—1=X—6)A+7,

so the eigenvalues are
)\1:3*\/5, )\2:3+\/§

Both are positive, so ) is positive definite and the quadratic is strictly convex.
For )\1 =3- \/5,

Q_MI:[_IJ{\@ 1+1\/§]’ vi= 4_12\/5[1—1\/5]'

For Ay = 3+ /2,

Q- l= {_lIﬂ 1—1\&]’ V?Zﬁ[lfﬂ}'

\ i)

Figure 1: Level sets of f(z1,22). The dashed lines indicate eigenvector directions.

Example
Consider the quadratic

Pl ma) = 51 + )

Then

The characteristic polynomial is

det(Q — M) = A(A — 2),

so the eigenvalues are

M=0, Jo=2.

Thus @ is positive semidefinite, but not positive definite.



For /\1 = 0,

For /\2 = 2,

The quadratic has curvature only in the vo-direction and is flat in the vi-direction. Hence the

Q—Alf—[l 1}, vi=

11 V2

-1 1

level sets are not ellipses. For o > 0, the level set

is the pair of parallel lines

flz1,22) =

r1 + 29 = £V 2aq,

while for o = 0, the level set is the single line

1+ x9 = 0.

The minimum value is 0, attained at every point on the line

Figure 2: Level sets of f(21,22) = §(21 + 22)?. The dashed lines indicate eigenvector directions.

Example

Consider the quadratic

Then

The eigenvalues are

Since one eigenvalue is positive and the other is negative, @) is indefinite. The origin is a critical
point, but it is neither a minimum nor a maximum. Instead, it is a saddle point. Since @ is diagonal,

1+ x9 = 0.

M=2 A= -2



the eigenvector directions coincide with the coordinate axes, and the level sets are hyperbolas

aligned with those axes.
0 0 1

For A\ = 2,
4 0 0

Z2

For Ao = —2,

z1

Figure 3: Level sets of f(x1,z2) = 23 — 23.

6 Summary

The geometry of a quadratic function is governed by the symmetric matrix @) in the term %XTQX.
The eigenvectors of () determine the principal directions, and the eigenvalues determine the curva-
ture in those directions. Positive eigenvalues correspond to upward curvature, negative eigenvalues
correspond to downward curvature, and zero eigenvalues correspond to flat directions. As a result,
the signs of the eigenvalues determine whether the quadratic is convex, concave, or saddle-shaped.

The level sets of a quadratic are translated and rotated versions of the level sets of a diagonal
quadratic. Geometrically, the eigenvectors give the directions of the principal axes of the level sets,
and the eigenvalues determine how elongated or compressed the level sets are along those axes.
When @ is positive definite, the level sets are ellipses or ellipsoids centered at the minimizer. When
Q is indefinite, the level sets are hyperbolic. This geometric picture is especially useful in quadratic
programming, where the optimal solution can often be understood as the first point at which a
level set touches the feasible region.
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